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Abstract 

We study the planar equivalence of orbifold field theories on a small three-torus 
with twisted boundary conditions, generalizing the analysis of hep-th/0507267. The 
nonsupersymmetric orbifold models exhibit different large N dynamics from their 
supersymmetric ’’parent” counterparts. In particular, a moduli space of Abelian 
zero modes is lifted by an O(N^) potential in the ’’daughter” theories. We also find 
disagreement between the number of discrete vacua of both theories, due to fermionic 
zero modes in the parent theory, as well as the values of semiclassical tunneling 
contributions to fermionic correlation functions, induced by fractional instantons. 
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1 Introduction. 


Although there have been considerable advances in the strong-coupling description of gauge 
theories since their formulation, this remains an unresolved matter. 

A line of attack to this problem has been to analyze related systems with simpler 
dynamics. Specially successful has been the study of supersymmetric theories, that in some 
cases can be solved exactly. However, the applicability of the methods employed usually 
relay on supersymmetry and cannot be used safely for non-supersymmetric theories. A 
different and older approach is ’t Hooft’s large N expansion pp, where each term in the 
expansion is non-perturbative in the coupling constant. Although it gives a good qualitative 
description of many features of strongly coupled gauge theories, extracting quantitative 
results for realistic theories has been demonstrated to be a difficult task. 

Recently, a new combination of both lines has been proposed under the name of planar 
equivalence |2]. Starting from a supersymmetric theory, called ’parent’, it is projected to 
a non-supersymmetric theory, called ’daughter’, so that they are equivalent in the large N 
limit. The projections are inspired in string constructions and they are named after orb- 
ifolds j2I and orientifolds |1]. Orbifold projection relates a A/” = 1 SU{kN) supersymmetric 
gauge theory with a {SU{N))^ gauge theory with fermions in bifundamental representa¬ 
tions under two adjacent gauge group factors. Orientifold projection relates a A/” = 1 
SU{N) supersymmetric gauge theory with a SU{N) gauge theory with fermions in two- 
index symmetric or antisymmetric representations. For these theories, planar equivalence 
has been proved at the perturbative level, and there are formal proofs of exact equivalence 
13 El- A remarkable example of this program is the computation of the quark condensate 
in terms of A/” = 1 gaugino condensate using orientifold theories [7] . Further works on finite 
N computations in orientifold theories using string duals can be found in [S] . Theories with 
other possible representations of fermions and their planar properties are studied in [H]. 

Although the results are encouraging, the exact equivalence is not completely es¬ 
tablished, specially for orbifold theories, that have been the subject of much discussion 
uni El ca ESI d, although there are also some concerns about orientifold theories jl4j . 
We want to clarify this point by studying these theories in a dynamically controlled regime, 
where we can analyze the behavior of both parent and daughter theory and compare them. 
In order to do that, we will introduce them in a small spatial torus R x T^, where the 
theory is in a weak coupling regime, so perturbative and semiclassical methods can be 
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used. The first analysis of planar equivalence using finite volume is na. where a single 
spatial direction was compactihed in a circle. It was shown that the dynamics of the orb- 
ifold daughter breaks down planar equivalence for small enough radius, because the sector 
where it would hold becomes tachyonic. However, it is not clear that this will remain true 
when the circle is decompactihed. The extension to a total compactihcation of space was 
made in M- In this case non-trivial flat connections in the torus are zero modes that 
generate a moduli space. In the small volume limit, zero modes control the dynamics of 
the theory, so we can concentrate on the study of the moduli space. In principle, quantum 
corrections can generate a potential of order O(iV^) over the moduli space, but supersym¬ 
metry guarantees that a potential is not generated. Planar equivalence boils down to the 
vanishing of the daughter effective potential to 0{N‘^), but it is shown that this is violated 
locally at some points of the moduli space due to non-linear effects, although it is satished 
on the average. Also, the 0{N) potential makes the physics of parent and daughter moduli 
space very different. It seems that the signals of a possible failure of planar equivalence 
are a consequence of having scalar degrees of freedom that arise when we compactify the 
theory, and that their effects may disappear when we go to the inhnite volume limit. Then, 
it is interesting to get rid of the moduli space in order to avoid this problem. This can be 
done using twisted boundary conditions, that will constitute the frame of this paper. 

Orbifold theories are invariant under a global group of symmetry, the center, that 
can be used to introduce twisted boundary conditions and lift most or all of the non- 
Abelian moduli space. Orientifold theories are invariant only under a Z 2 center group, that 
is not enough to signihcantly change the moduli space. For this reason, this paper will 
concentrate on orbifold theories. Twisted boundary conditions will allow the construction 
of a precise mapping of topological sectors between parent and daughter, so we can compare 
the vacuum sectors. Moreover, we will be able to compare fermionic correlation functions 
induced by tunneling between vacua in each theory. Ordinary instantons can contribute 
to such quantities, but they are not useful to answer questions about planar equivalence 
because their semiclassical contributions vanish exponentially in the A^ —> 00 limit. The 
reason is that their action scales as S'inst = 8'^‘^N/gt, where gt = gyn^ Hooft 

coupling. However, when twisted boundary conditions are introduced, new vacua and 
conhgurations associated to tunneling appear. This new class of tunneling conhgurations 
can give a non-vanishing contribution to fermionic correlation functions, since their action 
scales as a fractional instanton S'tun = STr^/gf^. 

The outline of the paper is as follows. In section 2 we introduce twisted boundary 
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conditions and show how they can be nsed to make a complete map between different 
gange bnndles of parent and daughter theory. In section 3 we use this map to describe and 
compare vacuum states of both theories. In section 4 we extend the analysis to include 
effects induced by tunneling. Finally, we give a geometrical interpretation in terms of 
bound states of D-branes and conclude. 


2 Embedding of the orbifold theory. 

We are interested in hnding the map between physical conhgurations of parent and daughter 
theories relevant for planar equivalence. According to [S], we should compare the vacuum 
sectors of both theories. However, this is a difficult task, specially for the daughter theory, 
because we cannot use perturbation theory and we do not have non-perturbative effects 
under control in the IR limit. In order to avoid these problems, we introduce parent and 
daughter theories in a small finite volume. This has been an extensively used tool to 
study asymptotically free gauge theories, since they are in a weak coupling regime where 
perturbative and semi-classical methods are applicable. 

The orbifold theories that we are considering have a (U{N))’^ gauge group and Weyl 
fermions that transform as the bifundamental representation (Aj,A^i+i) of two adjacent 
gauge groups. These theories can be obtained from a A/” = 1 U{kN) supersymmetric gauge 
theory after performing an “orbifold projection”. 
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in general, when summing over different orbifold components we will always 

assume that indices are defined modulo k. For this kind of theories, it has been proved 
that parent and daughter planar diagrams give the same result, if the coupling constants 
of both theories are related by kgp = g"^. 

We should point that the gauge group of the daughter theory is a subgroup of the gauge 
group of the parent theory of the same rank. This is quite useful if we try to establish a 
map between both theories. For instance, every representation of the parent theory has a 
unique decomposition in representations of the daughter theory. Notice that if we ignore 
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Abelian groups in the daughter theory, the rank would be different. We will see that 
Abelian groups play a relevant role in the mapping. We will ignore only the diagonal U{1) 
group of the daughter theory, that maps trivially to the Abelian part of the parent group. 
All helds are uncharged under these groups, so they decouple trivially. 

2.1 Twisted boundary conditions in the torus. 

Twisted boundary conditions were introduced by’t Hooft ra and successfully applied by 
Witten to study supersymmetric theories usiini. The topics we review briefly here can 
be found more thoroughly studied in these references. An extensive classical analysis of 
twisted boundary conditions in T^ can also be found in [TH] . 

When we compactify a gauge theory in a three-torus R x T^, we have some freedom 
to specify the boundary conditions of the fields on the sides of the torus. For a SU{M) 
gauge group, the helds must be periodic up to gauge transformations. In order to be 
in a conhguration with zero held strength, the gauge transformations on each side must 
commute. We can always change the boundary conditions by making gauge transformations 
and redehning our held, so all these conhgurations are equivalent. In particular, all can be 
reduced to the case with trivial periodic boundary conditions, where there are zero modes 
for the gauge helds given by constant Abelian connections. 

For the theories we are interested, the helds are invariant under a discrete subgroup of 
the gauge group, that we call the invariant center. For instance, for a (supersymmetric) 
SU{M) gauge theory, the center is Zm- As a consequence, we can consider our theory as 
a SU{M)/Zm theory and impose non-trivial boundary conditions on the helds. The helds 
are periodic up to a gauge transformation, but now the transformations on each side need 
to commute only up to an element of the center. Therefore, for each side we can give an 
element of the center that dehnes non-equivalent boundary conditions. The information 
is encoded in the so-called magnetic hux m, which is a three-vector of integers dehned 
modulo M. Formally, we are constructing gauge bundles of diherent topology, using the 
mapping between non-trivial one-cycles of the group SU{M)/Zm to the torus. Since in 
general we cannot reduce these conhgurations to the trivial case, there are no zero modes 
for gauge helds. 

Imagine that we are in a sector of dehnite magnetic hux, and we choose to work in 
the Aq = 0 gauge. This gauge only hxes time-dependent transformations. When we make 
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a time-independent gauge transformation, it has to satisfy the same boundary conditions 
as the helds, up to an element of the center. Then, we can introduce an element of the 
center for each direction that characterizes the twisted gauge transformation. We can 
group them in a single three-vector k of integers. Twisted gauge transformations are not 
continuously connected to the identity, so physical states do not need to be invariant under 
them. As a matter of fact, each time we make a twisted gauge transformation we can reach 
a different sector of the Hilbert space. Using Fourier transformation, we can build states 
invariant under the action of a twisted gauge transformation, labelled by the electric flux 
e, a three-vector of integers dehned modulo M. 

The information carried by electric and magnetic flux can be encoded in a single quan¬ 
tity the twist tensor, that emerges when we study gauge bundles in an Euclidean 
As in T^, we use gauge transformations to glue the sides of the torus. The gauge 
transformations on the sides fi and u must commute up to an element of the center given 
by exp{2ninf,^/M). 

f2TTi \ 

Q{fi, X + lu)kl{iy, x) = exp 1 j H(z/, x + l^)H(/i, x) (2.2) 

The twist tensor is an antisymmetric tensor of integers dehned modulo M. It is related 
to electric and magnetic hux in a similar way as electric and magnetic components are 
related to held strength 




(2.3) 


In general, the Euclidean gauge bundles will have a curvature. In this case, the action does 
not vanish, but it has a minimum value given by the Pontryagin number or topological 
charge. Usually, contributions from ordinary instantons are considered. They come from 
bundles associated to the wrapping of the gauge group over a S^. Then, this contribution 
is an integer known as the winding number. For gauge bundles associated to the torus, the 
contribution to topological charge can be fractional, because we are using a representation 
that is not faithful for SU{M)/Zm- In the sector of zero winding number, the topological 
charge is given by 

If ~ 1 1 ^ 

Q = tTFf,^{x)Ff,^{x)d^x = = -—k ■ m (2.4) 

where {\/2,^ 6^1/pa- A pa-. 
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2.2 Twisted boundary conditions and orbifold theories. 

The parent theory is a SU{M) supersymmetric gauge theory with M = kN. All the 
previous discussion can be applied directly to this case. In order to study the relation 
between parent and daughter theories in this setup, we follow the construction that ’t 
Hooft used to hnd self-dual solutions of fractional topological charge m, called torons, 
and generalize it to our case. The analysis is made in the Euclidean T^. 

We split rows and columns in k diagonal boxes oi N x N size. Then, we work in the 
subgroup {SU{N)Y x C SU{kN), which is the orbifold projection on the gauge 

sector. If we had considered only a {SU{N))’^ theory, without the Abelian part, then the 
possible bundles in the daughter theory would have been characterized by a Z^r diagonal 
subgroup of (Zat)^. This is so because of the fermions in the bifundamental representations. 
If twist tensors of different SU{N) groups were different, boundary conditions for fermions 
will not be consistent, according to (EH- However, Abelian helds can be used to absorb 
extra phases and enlarge the number of possible bundles. This will be evident in our 
construction. 

Let uji, i = 1,..., k he the U{1) generators 

uji = 27rdiag • • •, N{k - l)lAr, • • • , -Nl^) (2.5) 

where N{k — l)lN is located at the Ah position and Itv denotes the N x N identity matrix. 
Note that only k — 1 generators are independent, since — 0- 

Dehne the following twist matrices 

W. = WW.exp(^ + ^) (2.6) 

All other pairs commute. Notice that although Vi and Wi are matrices defined in principle 
to make a SU{kN) twist, in fact the terms in the exponent are such that the non-trivial 
twist is made only over the Ah N x N box. A possible representation is 

Vi = diag ^l)v, • • •, PjV • •, Ijv 

Wi = diag ■■ ,Qn r ■■ An 

where and are the SU{N) matrices of maximal twist PnQn = QnPnA'^'’^^ 
associated to the Ah gauge group. 
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Let us try the ansatz 


where summation over u is understood. The numbers a^, 6^ are arbitrary integers, 
is an antisymmetric real tensor which will be associated to the Abelian fluxes that are 
necessary to cancel out phases in the case of non-diagonal twist. 

Inserting ra in the consistency conditions ( 1221 ) we And that 
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and the k conditions 


(2.9) 


k / \ k 

= , Y. <•' = <) ( 2 . 10 ) 

j=l \ j=l ) i=\ 

which can be used to obtain the tensors from the tensors. The second equation in 
comes from the fact that there are only k — 1 independent U{1) groups. Any other 
linear condition will be valid. 

This establishes a map between Euclidean bundles in parent and daughter theories, 
identifying as the twist tensors of the daughter theory. This implies that many in¬ 
equivalent twists in the daughter theory map to the same twist in the parent. A second 
consequence relies on the fact that are constant Abelian field strengths. This implies 
that configurations like ’t Hooft’s torons in the parent theory can be mapped to Abelian 
electric and magnetic fluxes in the daughter, showing that Abelian groups play a relevant 
role in the mapping. Generically, physically inequivalent configurations in the daughter 
theory, like Abelian fluxes and torons, map to the same configuration (up to gauge trans¬ 
formations) in the parent theory. The map can be one-to-many, and it is given by the 
possible decompositions of the parent twist tensor (defined mod kN) in k daughter’s 
twist tensors (each defined mod N). 

A remark is in order. Although in principle we can turn on arbitrary fluxes of Abelian 
fields in the daughter theory, we must take into account the presence of charged fermions 
under these. Since bifundamentals correspond to off-diagonal boxes in a SU{kN) matrix, 
the value of Abelian fluxes is determined modulo N by consistency conditions of the twist. 
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This implies that fractional contributions of Abelian fluxes to the topological charge are 
determined completely by (ITTUl) . On the other hand, integer contributions to the topologi¬ 
cal charge in the parent theory can map to non-Abelian instantonic conhgurations, Abelian 
fluxes of order A^ or a mixture of both. Since the energy of this kind of conhgurations is a 
factor N larger than fractional contributions, they are irrelevant in the large N limit and 
we will not worry about them anymore. 

We can be more precise with the map of Abelian conhgurations. The U{1) groups 
under consideration follow from the decomposition of SU{kN) gauge connections in boxes 
Afj^ = diag (A^, • • •, A^) so that U{1) connections are given by 

B-=tr4-tr4+‘ (2.11) 

where i = 1,..., k — 1. Then, following ra, we can relate topological invariants of Abelian 
groups of the daughter theory to the twist tensor of the parent theory. Let be the held 
strength of the Ah Abelian group. We have the following topological invariants 

^ / A (2.12) 

given by the integral of the hrst Chern class over non-contractible surfaces of the torus and 

= (2.13) 

which is the Pontryagin number and it is related to hrst and second Chern classes. We can 
relate Q* to the topological charge of the parent theory, while (mod N) will be a twist 
tensor for the SU{N) C SU{kN) subgroup of gauge connection — A^^^ — It 
contributes to a fractional topological charge through (I231)- 


3 Vacuum structure. 

We have been able to construct a map between conhgurations of both theories, showing 
that they are physically inequivalent, although this is not a surprise. As a matter of fact, 
we are interested only in large N equivalence. According to [5], planar equivalence will 
hold non-perturbatively in the sector of unbroken Z^. orbifold symmetry. The necessary 
and sufficient condition is that operators related by orbifold projection, and invariant under 
orbifold transformations, have the same vacuum expectation values. Therefore, it is enough 
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to check the vacuum sector. In infinite volume it is argued that large N equivalence does 
not hold for k > 2 because of spontaneous breaking of orbifold symmetry by the formation 
of a gaugino condensate in the parent theory m For k = 2 the condensate does not break 
orbifold symmetry and the question remains open. In finite volume in principle there is no 
spontaneous breaking, so any failure of large N orbifold equivalence must show itself in a 
different way. In the following analysis we will restrict to the sector of vanishing vacuum 
angles for simplicity. 


3.1 Ground states in the daughter theory. 


We will start by comparing the bosonic sector of ground states of parent and daughter 
theories in a three-torus. The first question we can ask ourselves is what are the relevant 
configurations we must consider. We assume that the orbifold projection has been made 
at a scale of energy much larger than the typical scale of the torus /i >> 1//. At this 
point, all the coupling constants of the orbifold theory are equal. The running of coupling 
constants of non-Abelian groups is given at leading order by the renormalization group of 
the parent theory, by perturbative planar equivalence. However, the running for Abelian 
groups is different since they are not asymptotically free. As a matter of fact, the coupling 
constants of Abelian groups will be smaller than the coupling constants of non-Abelian 
groups in our torus, and the difference will increase with the volume. We can now consider 
what are the contributions to energy of Abelian configurations, that depend on electric 
{Ei = aoi) and magnetic {Bi = eijkajk) fluxes as 


H 





(3.1) 


In the quantized theory acts as a potential, while plays the role of kinetic energy. 

We see that the magnetic contribution is proportional to the inverse of the coupling, so 
the ground states of the theory will be in the sectors of zero Abelian magnetic flux. From 
(E3D, this forces us to introduce equal magnetic flux on all non-Abelian gauge factors. 


rup = krfid (3.2) 

where rhp(^d) is the magnetic flux in the parent (daughter) theory. This kind of boundary 
conditions preserve the orbifold symmetry of interchanging of SU{N) groups. 
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The twist of the daughter theory is determined by a Zat diagonal subgroup. The 
elements of this group are actually equal to the elements of a Zat subgroup of the center 
of the parent theory 

Zz = 0 diag (1, , e2"hiv-i)/7v^ ^3 3) 

k 

We are now interested in imposing twisted boundary conditions in the daughter theory 
such that the moduli space of non-Abelian gauge groups is maximally lifted. We can 
introduce a unit of magnetic flux in the same direction for each of the gauge groups, so 
we are performing a maximal twist of the theory and thus lifting all the non-Abelian 
moduli space. However, the kind of boundary conditions we are imposing does not prevent 
the existence of constant connections for Abelian groups. Bifundamental fermions are 
charged under these U{1) groups, so it is not possible to gauge away constant connections. 
Moreover, they become periodic variables. Therefore, the Abelian moduli space of the 
daughter theory is a (fc — l)-torus (for each spatial direction). 

In the Aq = 0 gauge we have freedom to make gauge transformations depending on 
spatial coordinates. Abelian gauge transformations must be such that they compensate 
the phases that can appear on fermionic helds if we make twisted gauge transformations 
that are not equal for all non-Abelian gauge groups. Only transformations with k ■ rh ^ Q 
mod N lead to a different vacuum, so there are possible non-Abelian vacua. The total 
moduli space consists on disconnected tori. The Abelian part of the vacuum is 

a wavefunction over the torus. 

In our setup, orbifold symmetry is preserved in the vacua that are reached by twisted 
gauge transformations of the same topological class for all non-Abelian gauge groups. For 
these. Abelian gauge transformations are trivial. In Sec. Id. 5 1 we will see that these vacua 
are dynamically selected by the physics on Abelian moduli space. 

3.2 The mapping of vacua. 

We would like to study planar equivalence in a physical setup that is equivalent for the 
parent theory. From (EH this corresponds to the introduction of k units of magnetic flux 
in the same direction as in the daughter theory. In this case we can reach N disconnected 
sectors making twisted gauge transformations. We would like to see how these vacua can 
be mapped to the orbifold-preserving vacua of the daughter theory. In order to do that, we 


should be able to construct the operators associated to twisted gauge transformations in 
the daughter theory from the corresponding ones in the parent theory. A second condition 
is that we should be able to identify the moduli spaces of both theories. 

Let us examine the first condition. Suppose that we introduce k units of magnetic flux 
in the X 3 direction in the parent theory: 


A^{xi +L,X2,x:i) = VkAf,{xi,X2,X3)V,^^ 

A^{xi, X2 + L, X3) = WkAf,{xi,X2,X3)W,;^ (3.4) 

Af,{xi, X2, X3 + L) = Af,{xi, X2, X3) 

where twist matrices must satisfy VkWk = 144We can go from one vacuum state 
to other by making a twisted gauge transformation U, that satishes the above conditions 
(Q, except in the X 3 direction, where 

U{xi,X 2 , X 3 + L) = (xi, X 2 , X 3 ). (3.5) 

A good election for the twist matrices is I 4 = Ifc ® Pni 114 = Ifc ® Qn- Moreover, we 
can use the SU{k) group that is not broken by the boundary conditions to rewrite U as 
a box-diagonal matrix, that can be mapped to the twisted gauge transformations of the 
daughter theory, if we arrange them in a single matrix. In general, the transformations in 
the daughter theory will include Abelian phases, so the map of vacua will be from one in 
the parent to many in the daughter. 

We now turn to the second condition. The twisting is not enough to lift completely 
the moduli space of the parent theory, but a torus remains. As a matter of fact, 

it is an orbifold, since we should mod out by the Weyl group of SU{k). In the daughter 
theory, the Abelian moduli space is the same, except that there are no Weyl symmetries 
acting on this space. However, in the daughter theory there are discrete global symmetries 
associated to the permutations of factor groups that can be mapped to Weyl symmetries 
of the parent theory. They do not modify the moduli space, but we can make a projection 
to the invariant sector of the Hilbert space to study planar equivalence. 

There will be a wavefunction over the moduli space associated to the vacuum. In the 
parent theory, supersymmetry implies that the wavefunction is constant. In the daughter 
theory there is no supersymmetry, so a potential can be generated that will concentrate 
the wavefunction at the minima. Another consequence of supersymmetry is that there are 


fermionic zero modes over the moduli space, which give rise to more zero-energy states. 
We will investigate both questions in the next sections. 


3.3 Electric fluxes and vacuum angles. 


The vacuum states we have studied in the parent theory are generated from the trivial 
vacuum |0p), associated to the conhguration of magnetic flux fh = (0,0,/c) and classical 
gauge connection = 0, by operators that implement the minimal twisted gauge trans¬ 
formations on the parent Hilbert space IJp, characterized by /c = (0,0, —1)) as the electric 
component of the twist tensor (Q. 

\l) = Ul\%) (3.6) 

We can build Fourier transformed states of (ESI) that only pick up a phase when we make 
a twisted gauge transformation. We must take into account that the operators associated 
to twisted transformations depend on the vacuum angle Op, so we restrict to a sector of the 
Hilbert space with dehnite vacuum angle. Then, 



= 


(3.7) 


The states we are considering are labelled by the electric flux e = (0, 0, e) 


1=0 


(3,8) 


and transform as 

q |e) = |e) 


(3,9) 


Notice that e must be a multiple of k, in order to be consistent with (EZD- 

The theory must be invariant under 27r rotations of the vacuum angle Op ^ Op + ‘In. 
The states dH) are not invariant under this transformation, but it generates a spectral 
flow that moves a state to another one e —*• e -1- fc. In our particular case we can dehne a 
e = fccp electric flux such that the spectral flow acts as -1-1 


Cp) 


1 

7 ^ 


N-\ 


1=0 


2Tril 

N 




(3.10) 
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In the daughter theory, the vacua are obtained from the trivial vacuum |0rf), associated 
to magnetic fluxes m* = (0, 0,1) and zero classical gauge connections = 0, by the set of 
operators that implement minimal twisted gauge transformations on the daughter Hilbert 
space Ui, characterized by /c* = (0, 0, —1) 

k 

\li,---,lk) = l[uh0d) (3.11) 

i=l 

We will concentrate on states that are reached by diagonal twisted transformations, so 
that they are characterized by a single integer li = I, i = 1,..., k. Again, we can build the 
Fourier transformed states, taking into account that we are in a sector of the Hilbert space 
with dehnite vacuum angles 9i, so 

= (3.12) 


The states are labelled by electric fluxes 


1 1 k 

e, .. ..e,), = ^ HC/110.) 




(3.13) 


If we had considered transformations other than diagonal, this would be shown in the 
exponent, where different combinations of electric fluxes and vacuum angles will appear. 
If we make a diagonal twisted transformation, these states change as 



2 = 1 


(3.14) 


If the twisted transformation are non-diagonal, there are extra phases appearing on the 
boundary conditions of the helds that must be compensated by Abelian transformations, so 
the state will change to a different vacuum in the Abelian sector. We can dehne subsectors 
of the Hilbert space that are invariant under diagonal transformations and that are shifted 
to other sectors by non-diagonal transformations. The labels for such sectors will be given 
by the Abelian part, so there will be A^^“^ of them. 
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3.4 Fermionic zero modes. 


Fermionic zero modes are spatially constant modes that satisfy the Dirac equation with 
zero eigenvalues. In the parent theory the gaugino has k — 1 zero modes 

Ao“ = AL, ® In (3.15) 

where a = 1,..., fc — 1 runs over the Cartan subalgebra of the unlifted SU{k) subgroup. 
If we go to a Hamiltonian formulation, as in UHl, they do not contribute to the energy. 
We can dehne creation and annihilation operators for these modes: a*“ and a“ where 
a = 1, 2 refers to spin and a = — 1 is the gauge index. Physical states must be 

gauge invariant. For zero modes gauge invariance appears in the form of Weyl invariance, a 
discrete symmetry that stands after hxing completely the gauge. The set of Weyl-invariant 
operators that we can construct with creation operators is limited to contract the gauge 
indices with 5ab- Thus, the only allowed operators that create fermions over the gauge 
vacuum are powers of 

U = (3.16) 

Fermi exclusion principle limits the number of times we can apply U over the vacuum, so 
the set of possible vacua is 

|0b), W|0b), ..., (3.17) 

Some remarks are in order. First, the total number of vacua in the parent theory is 
kN^ in agreement with the Witten index. Second, U acquires a phase under general 
chiral transformations, so the chiral symmetry breaking vacua of inhnite volume might be 
constructed from appropriate linear combinations of the states (ITT7I) . 

What is the situation in the daughter theory? The only possible candidates to give 
fermionic zero modes in spite of twisted boundary conditions are the trace part of bifunda¬ 
mental helds. However, those helds are charged under Abelian groups, so it is not possible 
to hnd zero modes over the whole moduli space. We are then confronted to the same kind 
of concern as in nn, the number of vacuum states is different in each theory, even in the 
sector of vacua that preserve orbifold symmetry. 

A necessary condition for planar equivalence to hold is that the vacuum expectation 
values of orbifold invariant quantities are the same up to factors of k given by the orbifold 



mapping [Sj. In infinite volume, this could happen only for k = 2. Otherwise, the vacua of 
the parent theory spontaneously break orbifold symmetry m However, in the Z 2 orbifold 
the number of parent vacua is twice the number of daughter vacua so planar equivalence 
would be true only if there is a two-to-one mapping between vacua of parent and daughter 
theories. Although we cannot establish whether such a mapping exists or not, a similar 
mapping for the vacua we have found in the hnite volume analysis will not work, because 
expectation values of operators involving fermionic helds take a different value depending 
on the number of fermionic zero modes present. Notice that this result is the same for all 
values of /c, the orbifold correspondence does not work even though orbifold symmetry is 
not broken. For instance, if we consider the operator 


Op = tr (A^“A“) 
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we are counting the number of fermions in the state, so there is a diagonal non-vanishing 
contribution 


(ObI |0'b) ~ (3.19) 

However, the orbifold projection of this operator 

Oi = tr (a 1?A?2 + ... + Al"AJi) (3.20) 

will have a vanishing diagonal contribution, since there are no fermionic zero modes over 
the vacuum state. 


3.5 Potential over moduli space. 


We now turn to the question of whether a potential appears over the Abelian moduli 
space of the daughter theory due to quantum effects. For simplicity, we will work with 
U{1) helds Ap = ap^^/l/Nl^. Gauge helds are uncharged, so they cannot give rise to a 
potential. Fermionic helds do couple through 


k 

2=1 a=l 
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where e* is the Abelian coupling. In principle e* = = e, since all Abelian gauge groups 

enter symmetrically and we have applied the renormalization group from a point where all 





couplings were equal. At that point = gt/N"^, where gt = gyM^ is the non-Abelian ’t 
Hooft coupling. 

Let us comment several aspects of the Abelian moduli space. We can scale the fields so 
that the coupling constants come in front of the action. Then, when we make an Abelian 
gauge transformation that shifts the gauge held by a constant, the fermionic held charged 
under that Abelian group picks up a phase depending on the position. For instance, if 
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then, when we move a period along the direction, the phase of the held changes by 
g*c 3/3 conclude that the periods of the components of the Abelian moduli space are 
27r//3. Would be twisted gauge transformations correspond to 2tt/N l^ translations along 
the S^, although hxed boundary conditions for charged helds imply that they are no longer 
a symmetry of the theory. 

Since there are no fermionic zero modes with support over the whole moduli space, we 
can integrate out the fermionic helds in the path integral. The regions of zero measure 
where fermionic zero modes have support will be localized at conical singularities of the 
ehective potential obtained this way. 

We proceed now to give the fermionic potential. At the one-loop level, it comes from 
the determinant that results in the path integral when we integrate out fermionic helds. 
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This potential can be computed using the methods of IZQ. The result, after rescaling by 
the length of the spatial torus a* —*• a*//, is 


Wfr(a*) = -iV2^f"(a*-a*+i) 


(3.24) 
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where the shape of the potential is given by 
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Notice that the potential depends only on the diherences a* — so no potential is 
generated for the diagonal U{1), only for the groups coming from the non-Abelian 



part of the parent group after the orbifold projection. This potential has its minima at 
non-zero values of the differences, in the twisted sector. Since it is of order N'^, it cannot 
be ignored in the large N limit. 

Examining more closely the potential, we can see that there is only one minimum at 
= 71. Usually, wavefunctions over the moduli space are characterized by the 
electric flux, that we can interpret as momentum along the moduli space. However, kinetic 
energy on the moduli space is proportional to e2 (HU, that is very small and becomes 
smaller as we increase the volume. On the other hand, the effective potential is very 
large and does not depend on the coupling. Therefore, the wavefunction is very localized, 
even for translations given by twisted transformations, and it is more convenient to use a 
position representation over the moduli space. The hrst consequence of all this is that if 
we make an Abelian twisted transformation, we are moving the system to a conhguration 
with more energy, see Fig. 1. Therefore, most of the vacua of the theory are lifted. Only 
when we make diagonal non-Abelian twisted gauge transformations, the system remains 
in a ground state. This leaves N vacua. 



Figure 1: The wavefunction of the ground state is localized at the minimum of 
the potential in the Abelian moduli space. A translation produced by a twisted 
transformation will lift the state to a configuration with more energy. 

On the other hand, the wavefunctions over the moduli space of parent and daughter 
theories are very different. The hrst one can be seen as a zero-momentum state, while the 
last is more a position state. This suggests that in the inhnite volume limit the daughter 
theory will fall into an Abelian twisted conhguration, breaking orbifold symmetry in that 
sector. Another diherence is that the ground state has a negative energy of order 0{N‘^). 
These results are of the same kind as the ones found in nnnn, although in the other cases 
the moduli space was non-Abelian for the daughter theory. 








We have found many differences between the vacua of parent and daughter theories in 
hnite volume with maximal twist. We were looking to lift the non-Abelian moduli space 
that in previous works pointed towards non-perturbative failure of planar equivalence. We 
have seen that properly taking into account the Abelian groups in the daughter theory, 
the situation does not really improve. Thanks to Abelian groups we are able to map 
the moduli space of parent and daughter theories, but the generation of a potential by 
fermionic fields in the daughter theory makes the physical behavior of both theories quite 
different, although it lifts many of the unexpected non-Abelian vacua. The moduli space of 
the parent theory is also a problem, because it implies that there are fermionic zero modes 
that generate vacua that cannot be mapped to the daughter theory. 


4 Tunneling effects. 

We have shown that parent and daughter theories have physically inequivalent vacua in 
this context due to the potential generated over the moduli space in the daughter theory 
and to the mismatch of vacua. However, some quantities do not depend on the moduli 
space, so the wavefunction will just give a normalization factor that can be chosen to be 
the same. The orbifold conjecture may still be useful to make some computations in the 
common vacua, up to kinematical factors. 

One of the main applications of twisted boundary conditions is the computation of 
fermion condensates [22] generated by tunneling between different vacua. These fermion 
condensates do not depend on the moduli space and tunneling can be studied using self¬ 
dual solutions of Euclidean equations of motion. In the case where the tunneling is between 
vacua related by a twisted gauge transformation, the relevant conhgurations are of frac¬ 
tional topological charge, which we have associated to the twist tensor (I23D- Notice that 
to map parent and daughter theories we are using (EH and (ITTUl) . If we want to make the 
mapping between purely non-Abelian configurations, we should take = 0, otherwise 
we will be introducing self-dual Abelian fluxes in the daughter theory. In this case, all the 
twist tensors in the daughter theory must be equal because of fermions in the bifundamental 
representations. This implies that parent and daughter twist tensors are proportional 

^lu = (4.1) 

Under these conditions, the fractional contribution to topological charge (I23D by tunneling 



is the same in both theories 
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(4.2) 


4.1 Tunneling in parent theory. 

In the SU{kN) parent theory with = 0 mod k twist, the solution of minimal charge has 
Q = 1/N, k times the minimal possible topological charge of the theory. It contributes to 
matrix elements of the form (0| OU |0) for some operator O. The operator tJ acts over the 
trivial gauge vacuum |0) by making a twisted gauge transformation (Id.511 . We can compute 
this quantity using a Euclidean path integral 

(0| Oil |0) = - lim i (0| Oe-^^U |0) ^ [ VAVXVXOEe-^^ (4.3) 

T Jq=i/n 

Although we do not know the explicit Euclidean solution that contributes in the saddle 
point approximation, we know what should be the vacuum expectation value of some 
operators. Because of supersymmetry, only zero modes contribute. There are 4k real zero 
modes of both bosonic and fermionic helds. The existence of fermionic zero modes implies 
that the tunneling contributes only to operators involving a product of 2k fermionic helds. 
In particular, there is no contribution to the vacuum energy. Therefore, 

£ = - hm ^ In (0| e-^^U |0) = 0 (4.4) 

and 

(trfcjv(AA)'') = - lim (0| tr feAr(AA)''e"'^'^f/|0) =-^ ((tr fcArAA))*" (4.5) 

which is a tunneling contribution to a 2fc-fermionic correlation function. By (tr^ArAA) we 
refer to the value of the gaugino condensate in the parent theory. This does not mean 
that a gaugino condensate is generated by these conhgurations, we are just referring to 
the numerical value of (HID. This is based on the use of torons to estimate the gaugino 
condensate [221 and on the coincidence of the instanton measure with the measure of a 
superposition of torons |22j. The factorial factor comes from considering the conhguration 
of charge Q = 1/iV as a superposition of k equal conhgurations of charge Q = 1/kN. 

Another peculiar fact about this conhguration is that it is transformed into itself under 
a Nahm transformation [2^. A Nahm transformation identihes moduli spaces of diherent 


self-dual configurations of different gauge theories in different spaces. From a stringy 
perspective it is a remnant of T-duality |2S|. 

We will use techniques developed in cniEii for Nahm transformations with twisted 
boundary conditions. Given the rank r, the topological charge Q, and the twist 



where S = diag (gi, ^ 2 ), fhe Nahm transformed quantities are given by 
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Our tunneling conhguration can be determined by m = (0, —/c, 0), k = (0,1,0) for 
instance. Then, we can write the twist tensor as S = diag (1, k). Using (I4.7|l and ()4.8|1 . it 
is straightforward to see that r' = r = kN, Q' = Q = 1/N and S' = S = diag (1, fc). 


4.2 Tunneling in daughter theory. 

Self-dual solutions contributing to tunneling in the daughter theory do not coincide with 
the projection from the parent theory, as given by gH). Tunneling between two adjacent 
vacua is given by a conhguration where each gauge factor contributes by = 1/A^ to the 
topological charge. Then, the total topological charge is Q = k/N, while the topological 
charge in the parent theory is Qp = 1/iV, in disagreement with ()4.2j) . 

The conhgurations we are using for tunneling are not related by the map we have 
proposed, but notice that we are comparing semiclassical contributions of the same order, 
since the classical Euclidean action in parent S^i = Svr^/gpiV and daughter S^i = Sn'^k/g'^N 
theories have the same value according to the orbifold projection kg^ = g^. When we 
examine the moduli space of parent and daughter tunneling conhgurations, we hnd further 
evidence that we are comparing the correct quantities. The bosonic moduli space is 4fc- 
dimensional for both theories, and the moduli space of the daughter theory also transforms 


into itself under a Nahm transformation. This can be seen using dEl) for each of the gauge 


factors: Q'^= Qd = 1/iV, r'^ = rd = N, = Ed = diag (1,1). 


Even using this ’improved’ mapping, disagreement emerges from fermionic fields. In 
the daughter theory there is no supersymmetry in general, because fermions are in a rep¬ 
resentation different to bosons. However, bifundamental representations of the daughter 
theory can be embedded in the adjoint representation of the parent theory, and this will 
be useful. 

In order to make an explicit computation, we need a formula for the self-dual gauge 
conhguration of fractional topological charge. We do not have an analytic expression in 
general, but’t Hooft found a set of solutions nn, called torons, that are self-dual when the 
sizes of the torus satisfy some relations. We will assume that we are in the good case 
and that, although in other cases the relevant conhgurations will be different, the physics 
will be the same. 

Torons are the solutions of minimal topological charge in a situation with maximal twist. 
For a SU{N) gauge theory, this means that Qtoron = 1/N. Therefore, they can be used in 
the daughter theory, where we will have a toron for each of the non-Abelian groups. We 
can compare torons to the most known self-dual solutions, instantons. Instanton solutions 
can be characterized by their size, orientation in the algebra and center position. The size 
of torons is fixed by the size of the spatial torus, and they have a hxed orientation along a 
U{1) subgroup. However, they still have a center that can be put at any point of the torus. 
Therefore, the moduli space of torons is a four-dimensional torus. An explicit expression 
for torons in the daughter theory in the presence of magnetic flux in the 0:3 direction is 



(4.9) 


where 77 “^, a = 1,2,3 are ’t Hooft’s self-dual eta symbols j 2 Hl 5 a; is a generator of a 


t/(l) C SU{N) and are the center positions. Notice that we have chosen to work with 


anti-hermitian and canonically normalized gauge fields. 

Now that we are armed with an analytic expression, we can calculate what happens 
with fermions in the background of k torons. The Euclidean Dirac operator is 



(4.10) 
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where cx^ = (I 2 , ia), and are the Pauli matrices. In a self-dual background 

the square of the Dirac operator is positive definite for negative chirality helds 

{ia^D^){ia^D^) =-D‘^12 (4.11) 


while for positive chirality helds, it has a potentially negative contribution 

{ia^D^){iauDy) = (4.12) 

where ■ This means that there are no fermionic zero modes of negative chirality, 

although there can be zero modes of positive chirality. In the supersymmetric case, where 
fermions are in the adjoint representation, there are two zero modes in the background of 
a single toron. 

The covariant derivative acting over bifundamental helds is 




(4.13) 


Then, introducing (USD and (ITOD in (iroi) . we hnd the operator 


(^-0^2 - - 2^A4(D^)adjl2 + M\Az)uj^ ® I 2 (4.14) 

where “adj” denotes that the operator is equal to the case where it acts over the adjoint 
representation of SU{N). Extra contributions are given by the separation between torons 
of diherent groups 
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The coefficient of the positive ‘mass’ contribution is 
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The physics of fermions is clear now. When two torons of adjacent groups coincide at 
the same space-time point, there are zero modes for bifundamental fermions transforming 
under these groups. Zero modes are identical to the case of adjoint representation (super- 
symmetric case). When we separate the torons, the zero modes acquire a mass proportional 
to the distance of separation. 


(4.16) 







Therefore, we can split the moduli space of torons Affc in sectors where a different 
number of torons are coincident. We can use quiver diagrams to represent different sectors. 
Each node is a toron position. Links joining different nodes represent massive fermions, 
while links coming back to the same node represent fermions effectively in the adjoint 
representation, so they give rise to supersymmetric contributions. The expansion will look 
like 



(4.17) 


A sector with n adjoint links can contribute only to vacuum expectation values of quantities 
involving at least n factors of the form The contribution is determined by the 

expectation value of the gaugino condensate of a A/” = 1 SU{N) supersymmetric gauge 
theory, (AA)g^gy. As an example, consider the pure supersymmetric contribution 
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that receives non-supersymmetric corrections from other sectors of the moduli space, for 
instance 



ni=i ti" 


(4.19) 


j dAi{z^)dA 2 {z^) — z^) e <^tr-^tr-^^ 


we denote by A, the bosonic zero modes, depending on the toron position z*. The factors 
come from fermionic would-be zero modes, and make the contribution to vanish in the 
regions of moduli space where the separated toron coincide with the others. We have taken 
care of bosonic and fermionic (would be) zero modes, so they have been subtracted from the 













computation of the correlation function involving the fermion propagators (ti P 21 ) ■ 
The classical action is the action of the toron solution 

& ^ (4.20) 

Coming back to (HU), we see that there is a non-zero contribution of tunneling to 
energy. When two torons are coincident, there are fermionic zero modes, so contributions 
to £ come from the sector of the moduli space of torons where all are separated. This 
contribution is completely non-supersymmetric 


^i-ioop = / \[dA,{z^)M\z^ - 
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We have taken care of bosonic and fermionic (would be) zero modes, so they have been sub¬ 
tracted from the determinants det^ With the notation we are employing, the contribution 
to £ will come from a “ring” diagram Fig. 2. 



Figure 2: The ring sector produces no supersymmetric factors. 


When we make the orbifold projection of iH), we hnd 

tri„(AA)‘ ^ tr„(A, • ■ ■ \,f = ({AA),„.,)'‘ + k ({AA).„,y)‘^T« + ... (4.22) 

Where the hrst non-supersymmetric factor is the same as in (I4.1f)j) . and the dots 
indicate that there are more contributions from other sectors of moduli space, all involving 
different non-supersymmetric factors. Notice that the orbifold mapping kgp = Qd, implies 





that the renormalization invariant scales of parent and daughter theories are the same at 
the planar level. 

(tr fcTvAA) ~ Aj! = /i^ exp exp = A^ ~ (AA),^,,y (4.23) 

As a consequence, the hrst term in (I4.22|l coincides with (I4.5|l . up to the factorial factor, 
that in the daughter theory does not appear because torons belonging to different groups 
are distinguishable. 

So we must conclude that there are no simple relations between (031) and (lOTl) or 
between 03D and although both sets of quantities are invariant under orbifold 

symmetry. 

4.3 Semiclassical dependence on the vacuum angles. 

The results of the previous sections can be used to analyze the dependence on the vacuum 
angles when we deform the theories adding a mass m for the fermions. This is necessary 
in order to have such a dependence, otherwise massless fermions will erase it through the 
chiral anomaly. Notice that we can make the fermions of the daughter theory massive only 
for the 7j2 orbifold, so we will restrict to this case. 

In the parent theory, when we introduce a mass for the fermions, the states previously 
associated to fermionic zero modes (ITT7I) are lifted by an energy that is roughly the mass 
times the number of fermionic modes. The energy density is obtained dividing by the 
volume of the box V = So we have k = 2 levels, each with N states labelled by 
the electric flux. As we will see in a moment, tunneling between states of the same level 
produces a lifting in the energy density of order m^. If we are in the small volume (small 
mass) limit m/ -C 1, then the lifting produced by fermionic modes is larger than tunneling 
contributions, so the states in the highest level decouple. However, as we increase the 
volume there will be level-crossings between states of different levels. 

In the daughter theory, a mass for the fermions modihes the effective potential over 
the Abelian moduli space (I3.25|) . If mZ 1, then only high frequency contributions are 
suppressed, but increasing the volume will exponentially suppress the whole potential, so 
non-diagonal vacua could become relevant. 

We are interested in estimating the dependence of the vacuum energy on the vacuum 









angles and electric fluxes 
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In a semiclassical expansion, the relevant contributions come from fractional instantons 
that encode tunneling processes between different vacua. We will first study the leading 
term given by a single (anti)toron of minimal topological charge, and afterwards we will 
estimate the contribution of infinite many (anti)torons using a dilute gas approximation 

PI- 


In the parent theory, the lowest order contribution is 
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where A[z^^ z^) are the zero modes of the SU{2N) gauge held, depending on eight parame¬ 
ters of the Q = 1/N toron configuration. The fermionic mass is m, so the factor comes 
from the would be fermionic zero modes that appear when we turn m to zero. Therefore, 
they have been subtracted from the determinants det);.. The bosonic determinant detg 
includes only physical polarizations of non-zero modes of vector bosons, so any ghost con¬ 
tribution has been taken into account in it. In the last equality, we have used the orbifold 
9p = 5'd/2- Kp{m) is a m-dependent constant that will be obtained after making the 
integral over the moduli space of the (anti)toron. 

For a general transition amplitude between different twisted vacua, there can be contri¬ 
butions of an arbitrary number of torons and anti-torons, as long as the total topological 
charge has the correct value. Since we are in a dilute gas approximation, we neglect possible 
interactions. 


^ {TrrfKp{m)e-^^^^f^"5n-n-i++i.- (4.26) 
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We are ready now to compute the vacuum energy in the state (IXTUll . it is straightforward 
to see that 
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A similar analysis can be done for the danghter theory. The lowest order contribntion 
is, in the diagonal case, 

{0,\e-«'^UA\0,)=T fdA,{z')dA^{z^)(m+M{Az)re-^^- , 

J det^ ( D^) det^ ( D 2 ) 


= Tm‘^Kd{m)e 


(4.28) 


We have argned above that it is plansible that the bosonic measnres of parent dA{z^,z^) 
and daughter dAi{z^)dA 2 {z‘^) are the same. However, there are extra contributions to the 
factor, given by the mass M{Az) (I4.1bj) that bifundamental modes acquire when the 
two torons are separated. We can also see that the one-loop determinants in (I4.25|l and 
(lOKll are different. All this imply that Kp{m) and K(i{'m) are not simply related, as we 
would have expected from the orbifold projection. 

Then, a general transition between diagonal vacua is given by 
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So the vacuum energy of the state (IXTD will be 
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We can study the spectral flows induced by a change in the vacuum angles IBDI in both 
theories and compare the results. In Fig. 3, we illustrate the discussion with a simple 
example. In the parent theory, the energy of a state of dehnite electric flux is invariant 
only under shifts Op ^ Op + 27 tN. However, the whole spectrum is invariant under a 27r 
rotation of 6*p, so there is a non-trivial spectral flow that may become non-analytic and 
produce oblique conhnement in the inhnite volume limit. Notice also that there are two 
well-separated levels in the small volume {ml <C 1) limit, where the lifted states have 
fermionic constant Abelian modes. In the opposite limit, states of the same electric flux 
number become nearly degenerate. This could be a hint for a two-to-one mapping between 
parent and daughter states of equivalent electric flux, in a hnite volume version of the 
statement made in HD. Notice that the parent and daughter “vacuum angles” should be 
mapped as 20 d = Op at the orbifold point 0 i = O 2 = 0 ^, as the orbifold correspondence 
dictates. Indeed, we hnd that the spectrum of the daughter theory is invariant under 
Od ^ Od + 7T- However, this does not look as the right transformation for a vacuum angle 
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Figure 3: We show a picture of the spectral flow of £p/Kp (dark lines) and EdjKd (light lines) for different 
states of electric flux in the case N = 3. The horizontal axis corresponds to 6p for the parent theory and 
to 6d for the daughter theory. We assume <C 1, so the parent theory presents two separated levels. 
Notice that the periodicity of the spectral flow of the daughter is half the periodicity of the parent. 

and, in view of (lonii . the daughter vacuum angle seems rather to be 9i + 62 , that has the 
value 29d at the orbifold point. 

On the other hand, the lifted vacua of the parent theory are unsuitable for a corre¬ 
spondence with daughter states because some matrix elements involving fermions will be 
different, as we have argued before. Regarding the remaining vacua, there is a quantitative 
disagreement between parent and daughter energies (lonii . given by the difference 

in the values of the tunneling coefficients Kp(m) and Kd{m), so it seems that planar equiv¬ 
alence does not work at this level. 


5 D-brane interpretation. 

We can give a geometrical interpretation of our results based on a construction with D- 
branes in the torus, as in EH- In the parent theory we will have a set of kN D4-branes 
on T^, the 01234 directions including time. The low energy theory is a U{kN) supersym¬ 
metric gauge theory. We are interested in study possible vacuum conhgurations, that are 
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characterized by different bundles of D-branes over the torus. We will ignore the scalars 
associated to the transverse dimensions to the torus, anyway, they will be spectators in 
the analysis below. 

The twist of the configuration associated to tunneling in the parent theory. Sec. 14.11 is 
realized diluting D2-brane charge in the worldvolume of D4s. The reason are the couplings 
of D2 charge with U{1) first Chern class of D4 gauge group 
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the twist induced in the U{1) must be compensated by the non-Abelian part, in order to 
have a well-dehned U{kN) bundle. So we can introduce k units of magnetic flux in the 3 
direction and one unit of electric flux in the same direction by introducing k D2 branes in 
34 direction and a D2 brane in 12 directions. Since the intersection number is non-zero we 
can interpret also this conhguration as having D2 at some angle inside the torus. 
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After making a T-duality along 12 directions 
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this configuration is equivalent to an instanton for a U{k) theory with kN units of magnetic 
flux. However, if the T-duality transformation is made along 34 directions 
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we will have k ‘instantons’ in a U{1) theory with kN units of electric flux. 





























In the daughter theory, we have a set of N D4 branes wrapped around a but sitting 
at an orbifold point in transverse space. The twist associated to the tunneling conhguration 
in the daughter theory, Sec. l4.2L is realized diluting a D2-brane both in 34 and 12 directions. 
The orbifold action is responsible of the multiples copies of the gauge group. So physically 
we are introducing what in an unorbifolded theory will be N D4 branes and not kN branes, 
although the held content is constructed projecting the last. 
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We can make a T-duality transformation along 12 directions 
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so we have an ‘instanton’ in the presence of {k)N units of magnetic hux in a f/(l)^ theory. 
If the T-duality transformation is made along 34 directions 
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now the hux is electric instead of magnetic. In this two cases, we can interpret the ‘un¬ 
twisted’ fractional instanton as a DO brane in the presence of a D2 brane. This is the sector 
where all torons are at the same point. The sectors where torons are at diherent points 
correspond to the splitting of the DO in fractional DOs that can move independently along 
the torus directions. The gauge group is the same for k fractional DOs as for a regular 
DO, however the strings joining diherent fractional DOs acquire a mass proportional to the 
separation. This is rehected in the mass we have computed for fermionic modes ()4.10|1 . 
So in fact, the quiver diagrams we have used to label diherent sectors of the moduli space 
correspond to the gauge theory living in the DOs at diherent points of the moduli space. 































From this point of view we also have a geometric picture of why the conhguration of the 
daughter theory should be mapped to a conhguration of the parent theory with k units of 
both electric and magnetic hux. The matching is between the number of fractional branes 
in the orbifolded theory and the number of branes of the same dimensions in the ‘parent’. 


If we make another T-duality transformation along 1234 directions, 
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the D4s become DOs that can move along the torus. The separation in fractional DOs is 
encoded in the Abelian part of the daughter theory. The diagonal U{1) correspond to the 
center of mass position, while the group that form the Abelian moduli space are 

the relative separations of DOs in this T-dual interpretation. From (I3.24j] we know that 
DOs tend to separate, a signal of the orbifold tachyon. 


6 Summary. 

We extend the study of planar equivalence in a small volume m introducing twisted 
boundary conditions for orbifold held theories. We have found several sources of disagree¬ 
ment with orbifold large N equivalence. First of all, a ‘kinematical’ map seems not to work 
properly. When we try to embed the vacuum of the daughter theory in the vacuum of 
the parent theory, we hnd difficulties because the number of vacua does not match due to 
the presence (absence) of fermionic zero modes in the parent (daughter) theory. We also 
hnd difficulties in identifying the relevant conhgurations for tunneling using only algebraic 
arguments. 

An important ‘dynamical’ indication of disagreement with planar equivalence is the 
formation of a potential over the Abelian moduli space of the daughter theory, which makes 
the ground wavefunction of both theories very diherent and shifts the vacuum energy at 
leading order. These results are analogous to the behavior found for the non-Abelian 
moduli space in the case of periodic boundary conditions m. 

When we try to compute contributions produced by tunneling ehects in the daughter 
theory, we hnd a remarkable relation with a supersymmetric theory. We can split the 












contributions in sectors where some factors are identical to quantities of a supersymmetric 
theory (to be precise, to the gaugino condensate). However, the relation is with a A/" = 1 
SU{N) gauge theory (or k copies of it) and not with the parent theory, that has group 
SU{kN). We also compute the semiclassical dependence of the energy on the electric flux 
for the case k = 2, but we fail in establishing a quantitative mapping between states of 
parent and daughter theories. 

In view of these results, it seems that the ‘supersymmetric’ properties of the orbifold 
daughter stem from the fact that a. Af = 1 SU{N) supersymmetric sector is ‘wrapping’ it, 
the sector of diagonal configurations. This is in agreement with previous results mi and 
suggests that planar equivalence of orbifold theories could be traced to the fact that the 
parent theory and Af = 1 SU{N) gauge theory are also planar equivalent ^21- From the 
point of view of hnite volume physics, the fact that the orbifold theory can be embedded 
in a supersymmetric theory, the parent theory, apparently has no more meaning except 
that it is probably a necessary condition for having a supersymmetric sector. It would 
be interesting to check whether the properties of the orientifold theory relies on having a 
SO{N) supersymmetric sector or work differently to the orbifold case. 
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